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Damping Augmentation
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An active damping augmentation approach using active members in a structural system is described. The
problem of maximizing the vibration damping in a lightly damped structural system is considered using the
analogy of impedance matching between the load and source impedances in an electrical network. The proposed
active damping augmentation approach therefore consists of finding the desired active member impedances that
maximize the vibration damping, and designing a feedback control in order to achieve desired active member
impedances. This study uses a bridge feedback concept that feeds back a combination of signals from sensors
of the axial force and relative velocity across the active member to realize the desired active member impedance.
The proposed active damping augmentation approach and bridge feedback concept were demonstrated on a
three-longeron softly suspended truss structure.

Introduction

T HE complexity of structural vibration control is a func-
tion of the structure's dynamic characteristics, the input

disturbances, and the system performance goal. Generally,
the various approaches to controlling structural vibrations can
be categorized as structural tuning, disturbance isolation, vi-
bration damping augmentation, and active positioning con-
trol. Although the structural tuning is typically a passive de-
sign process, disturbance isolation and vibration damping
augmentation can be implemented either passively, or ac-
tively, using feedback control. When the vibration control is
only required for a limited number of discrete locations in a
large structural system, it may be desirable to use active po-
sitioning control. On the other hand, when the objective of
the vibration control is to attenuate responses over a large,
continuous portion of the structure, such as the surface ac-
curacy maintenance of a large aperture reflector, damping
augmentation of the entire structure becomes a logical ap-
proach. This paper describes an application of the active
damping augmentation approach to a truss-type structural
system. Although there are many ways of applying external
forces to damp out structural vibrations,1 this paper focuses
on the use of active truss members (or simply '^active mem-
bers" hereafter) that consist of built-in actuators and sensors
for the purpose of feedback control.

In structural dynamics and mechanical vibration analyses,
the concept of mechanical impedance is not new.2"6 However,
this concept has not often been used by practicing engineers.
On the other hand, many analysis techniques using the elec-
trical impedance concept have been developed and applied
in the electrical network analyses. It is known, for example,
that the dissipated (real) power in an electrical network can
be maximized by matching the load impedance to the complex
conjugate of the source impedance. By analogy, it is expected
that the vibration damping (i.e., rate of energy dissipation)
can be maximized by adjusting the active member impedance
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with respect to the load impedance facing the active member,
i.e., the structure's mechanical impedance measured at the
connecting interface to the active member. The proposed ac-
tive damping augmentation approach is therefore to 1) find
the desired active member impedance that maximizes the vi-
bration damping, and 2) design the active member feedback
control in order for its impedance to be as desired. In order
for the system to be stable with any number of active mem-
bers, the present design approach is limited to the consider-
ation of positive real active member impedances only.

There are various ways of implementing the desired active
member impedance using feedback techniques, e.g., pure ve-
locity feedback or pure force feedback. In these cases, how-
ever, the desired impedance will also dictate the feedback
loop transfer function. As a result, the requirement to im-
plement the desired impedance will, as a rule, conflict with
the robustness requirements to the loop transfer function.
Furthermore, such impedance is likely to be sensitive to the
active member's parameter variations. To overcome these
difficulties, a bridge feedback concept, originally developed
in communication engineering, is explored in this study. In
communication engineering, and particularly in the feedback
amplifier design,7-8 bridge feedback refers to feeding back a
combination of both voltage and current measured at the input
of a feedback amplifier in order for the amplifier's input
impedance to match the wave impedance of the connected
electrical cable. By analogy, signals from collocated sensors
of the axial force and relative velocity across an active member
can be combined and fed back to its actuator to realize the
desired active member impedance. In the following section,
the proposed active damping augmentation approach and bridge
feedback concept will be demonstrated on a three-longeron
softly suspended truss structure.

Design Approach
Impedance Modeling

To draw a mechanical parallel to the techniques developed
for the analysis of electrical networks, it is necessary to es-
tablish a correspondence between the variables and param-
eters of electrical and mechanical systems. Among several
such conventions known in the literature, this paper employs
the one comparing force with current and velocity with volt-
age. This particular type of analogy maps power into power,
allows for simple mechanical interpretation of Kirchhoff s laws,
and preserves the topology of schematics, electrical and me-
chanical, thus greatly simplifying the analysis of complicated
high-order systems.35 g
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In the electrical network analysis, the input (or driving
point) impedance is defined as the ratio of the Laplace trans-
forms of the voltage and current measurements at the input
port of an electrical circuit. Following the chosen analogy,
the mechanical driving point impedance is hereby defined as
the Laplace transform of the velocity-to-force ratio measured
at a structural or mechanical element. Using this definition,
the mechanical driving point impedances (or simply "imped-
ances") of a mass, a spring, and a viscous damper are derived
and listed in Table 1. Preservation of the connective topology
of the electrical and mechanical systems is illustrated in Fig. 1.

To derive the equivalent electrical model of an active mem-
ber, one can start from the underlying mechanism of the built-
in piezoelectric actuator. When the actuator is in a stress-free
state (i.e., unloaded), the actuator motion is entirely due to
the piezoelectric motion (xfr) which is the product of the ef-
fective piezoelectric coupling coefficient deff and applied volt-
age. When the actuator is loaded, the resulting actuator mo-
tion is determined by the actuator's inherent mechanical
impedance and load impedance facing the actuator. There-
fore, the equivalent electrical model of an active member will
consist of an equivalent electromotive force (emf = xfr) in
series with the inherent mechanical impedance Z() as shown
in Fig. 2.

Using Kirchhoff s laws, the axial force and relative velocity
across the active member can be easily calculated from the
equivalent electrical network of Fig. 2 as

Table 1 Mechanical/electrical analogy3

and

= xfr/(Zn + ZL)

x=f'ZL

= xir - [ZL/(Z0 + ZJ]

(1)

(2)

In the following design analysis, the above relations are in-
corporated into a transfer function block as shown in Fig. 3.

C2

+*-
*i(t) *2(t)

MECHANICAL SYSTEM ELECTRICAL SYSTEM

Fig. 1 Mechanical/electrical analogy.

Fig. 2 Equivalent electrical model of active member.

ACTUATOR + PLANT

<gK—0

Mechanical system Electrical system
Applied force, /
Velocity, x

Current, /
Voltage, v

Impedance = x(s)/f(s)

Mass Zm = l/sm
Spring Zk = s/k
Dashpot Z( = lie

Impedance = v(s)li(s)

Capacitance Zc = 1/sC
Inductance Z, = sL
Resistance ZR = R

as: Laplace variable

Optimal Active Member Impedance
By analogy, maximizing the rate of energy dissipation in a

structural system is equivalent to maximizing the dissipated
(real) power in the equivalent network of Fig. 2. For a lightly
damped structural system, load impedance facing the active
member ZL is almost imaginary. On the other hand, the active
member impedance must have a real part to dissipate the
energy. When the active member impedance is purely real,
simple calculations show that the vibratory power dissipated
by the active member is maximized when the active member
impedance is equal to the magnitude of load impedance, i.e.,

Z(s) = Zopt = \ZL\ (3)

As illustrated in Fig. 2, \ZL\ varies sharply with frequency and
is typically sensitive to the parameter variations in a structural
system. This and the conditions of positive, real Z(s) make
it impossible to implement the optimal impedance as specified
in Eq. (3) over the entire frequency range. Instead, a subop-
timal approach to implementing a simpler active member
impedance function is proposed such that the dissipating power
in the equivalent network of Fig. 2 is maximized in the average
sense.10 Such an impedance function can be as simple as a
constant or piecewise linear function over the frequency range
of interest. For example, in Ref. 11, the implementation of
a piecewise linear active member impedance function was
presented.

Bridge Feedback
In the active member bridge feedback design, signals from

sensors of the axial force and relative velocity across the active
member are combined and fed back to the active member's
actuator as illustrated in Fig. 3. Transfer function block Z'(s)
in Fig. 3 determines how the signals of axial force and relative
velocity can be combined in the feedback path. From the
Appendix, the resulting impedance of the active member with
bridge feedback is

z(s) = z()(s) - [(i (4)

where T(} and TV are the return ratios of cases in which the
active member is rigidly constrained (i.e., ZL = 0) and free
to expand (i.e., ZL = <*), respectively. The return ratio (loop
transfer function) is defined as the ratio of return signal to
input signal taken with the opposite sign, i.e., T = -vIE in
Fig. 3. When the active member is rigidly constrained, rela-
tions illustrated in Fig. 3 give / = E • dett • slZ(, and x = 0.
The return ratio T(] is then

T —L (I ~ s • Z'(s) • C(.v) (5)

where C(s) represents the compensator transfer function. Fol-
lowing the same procedure, when the active member is free
to expand. Fig. 3 gives/ = 0, x = xfr = E • <.„ • s and return
ratio as

Fig. 3 Block diagram of bridge feedback control. T, = C(.v) (6)
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When the magnitude of the compensator gain coefficient \C(s)\
is sufficiently large such that the magnitudes of the return
ratios |r0| and [rj of Eqs. (5) and (6) are much greater than
unity, Eq. (4) can be approximated by

z(s) - z0(s) • (r0/r.) (?)
Substituting Eqs. (5) and (6) into Eq. (7) yields

Z(s) - Z'(s) (8)

As a result, when the feedback is sufficiently large, the imped-
ance of the active member with bridge feedback can be com-
pletely defined by the transfer function block Z'(s) in the
feedback path. As evidenced in Eq. (8), the advantages of
the bridge feedback are that 1) the compensator design, and
subsequently the desired loop transfer function, does not in-
terfere with the realization of desired active member imped-
ance; and 2) the desired active member impedances can be
implemented precisely despite the active member's parameter
uncertainty affecting its inherent mechanical impedance ZQ(s).

Truss Experiments
Test Structure and Active Members

To validate the approach in this paper, laboratory experi-
ments were performed on a three-longeron, 13-bay truss struc-
ture made of removable aluminum truss members and threaded
aluminum joints (Fig. 4). This test structure spanned 3.96 m
(13 ft) from end to end and weighed 5.91 kg (13 Ib). The
active member used in this experiment, Fig 5, was a 203.2
mm (8 in.) long, 25.4-mm- (1-in.-) diam stainless steel thin-
walled tube with a built-in eddy-current displacement sensor
measuring the member axial length changes, and a piezo-
electric actuator exerting the control forces. A load cell was
incorporated in series with the active member to measure the
induced member axial force. Detailed descriptions of the ac-
tive member can be found in Refs. 12 and 13. The actuator
and sensor parameters are summarized in Table 2. Two active
members were incorporated in the test structure, one at the

Fig. 4 Test structure.

Fig. 5 Active member.

Fig. 7 Predicted normal modes of test structure.

0.0001-
10 20 30 40 50 60 70 80 90 100

FREQUENCY (Hz)

Fig. 8 Comparison of active member no. 5 impedances and its load
impedance.

Table 2 Active member properties

Effective stiffness,
k^ 26.3 x 106N/m

54 x 10-9 m/V

11.24 x 10-3 V/N

0.1 V/micron

Effective piezoelectric
constant, deff

Load cell
sensitivity

Displacement sensor
sensitivity

^ACTIVE MEMBER NO.5

Fig. 6 Test structure dimensions and active member locations.

upper longeron location of the fifth bay (member no. 5) and
the other at the tenth bay (member no. 30) as shown in Fig.
6. In addition to the active member's built-in sensors, the test
structure was also instrumented with six highly sensitive QA-
1400 accelerometers such that damping performance could
be demonstrated at the very low end of the dynamic range,
i.e., peak resonant response in the order of 0.001 g (1 g -
9.8 m/s2).

To simulate the unconstrained in-space operation, the test
structure was softly suspended at the central bay location.
The suspension system consisted of four precompressed hel-
ical springs such that the intended low suspension frequencies,
ranging from 0.13 to 1.37 Hz as measured, can be achieved
without incurring large static deflections in helical springs.
Analytical analyses showed no discrepancy in modal behavior
of a completely unconstrained and softly suspended test struc-
tures. Modal behavior of the softly suspended test structure
is shown in Fig. 7 up to the sixth mode. An independently
suspended mini-shaker was connected to the test structure's
second/third bay joint (joint no. 23 as shown in Fig. 6) to
serve as a disturbance input.

Constant Active Member Impedance Synthesis and Realization
The bridge feedback signal processing and the compensator

used in this experiment were implemented in analog circuitry.
The relative velocity across the active member required for
the bridge feedback was estimated from the relative displace-
ment sensor output using an analog differentiator rolling off
near 800 Hz.

As described earlier, to maximize the vibration damping,
the active member impedance should be of specific value.
After examining the measured load impedance facing each
active member in the frequency range up to 100 Hz (e.g., Fig.
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8 for active member no. 5), it was decided to synthesize the
active member impedance to be real and constant that em-
ulates the dynamic behavior of a viscous damper. Since the
signal processing is ac coupled, the active member statically
remained unaffected and the desirable static stiffness was
preserved.

To realize the desired active member impedance via bridge
feedback, the goal of the compensator design is to maximize
the feedback over the frequency bandwidth as large as pos-
sible. It is known that the feedback available is limited by the
slope steepness of the loop transfer function. From the Bode
phase-gain relations,7 8 however, a steeper slope in the loop
transfer function will increase the loop phase lag and subse-
quently reduce the stability margin. Therefore, the feedback
available is limited by the desired system stability margin.

Since the desired impedance of active member with bridge
feedback is chosen to be real and constant, the transfer func-
tion Z' in the feedback path must be a constant according to
Eq. (8). Because no phase lag is introduced by this constant,
the allowable compensator of phase lag (i.e., phase margin
minus 180 deg) is therefore completely determined by the
loop phase margin. A typical value of phase margin, for ex-
ample, is 30 deg. To account for the possibility of 180-deg
phase shift due to the unmodeled structural resonances within
the feedback bandwidth, additional phase margin of 90 deg
is considered in the compensator design. The resulting phase
margin is therefore 30 deg + 90 deg, i.e., 120 deg. While
maximizing the feedback, the Bode phase-gain relations7-8

require the loop and subsequently the compensator transfer
functions to have a slope of -12(1 - y) dB/octave, where y
is phase margin divided by 180 deg. Thus, when the desired
phase margin is 120 deg (i.e., y = 2/3), the compensator
transfer function must have a slope of —4 dB/octave.

0.07 ^F 51 KQ
—II———VA——|

0.05 \iF 36 KQ

0.033 nF 24 KQ
—1|———VA——|
0.022 ^F 18KQ

0.015 nF 12KQ

0.01 ^F 9 KQ

Fig. 9 Compensator schematic.

10 100 500
FREQUENCY (Hz)

Fig. 10 Measured compensator frequency response function.

To exactly realize such a transcendental transfer function,
the compensator needs to be implemented by a system with
distributed resistance and capacitance. In this study, the de-
sired compensator frequency response was approximated by
transfer function having a finite number of alternating real
poles and zeros. Such a compensator was realized with an
operational amplifier having seven resistor/capacitor parallel
branches in the feedback path as shown in Fig. 9. The resistor
and capacitor values were chosen in such a way that the first
pole was placed near 5 Hz, and the span between the sub-
sequent poles is about one octave. The resulting compensator
frequency response is shown in Fig. 10. The measured max-
imum phase lag is -55 deg near 20 Hz.

Given this compensator design, the design process was re-
duced to the determination of the Z' constant that maximized
the damping performance. Because of the limited number of
active members in this experimental study, the performance
goal was limited to the damping augmentation in the first and
second truss bending modes only. Without resorting to a for-
mal optimization technique, a direct, iterative search of Z'
for best damping performance was employed. To begin with,
an initial trial value of Z' was estimated from the averaged
load impedance calculated via the finite element analysis such
as the one described in Ref 12. Subsequently, the value of Z'
could be varied incrementally while comparing the resulting
damping performances. It typically required less than ten it-
erations to reach the final Z' for best damping performance.

As the value of Z' is varied, it is interesting to note that
the pure velocity and pure force feedback are the extreme
cases of the bridge feedback when the Z' is set to zero and
infinity, respectively. With the same range of loop gain coef-
ficients, comparisons on the effect of pure velocity, .pure force,
and bridge feedback for active member no. 5 are shown in
Fig. 11. In Fig. lla, the increase in loop gain coefficient of
the active member with pure velocity feedback is seen to have
very little effect on the closed-loop performance. This is due
to a near pole/zero cancellation in the loop transfer function
resulting from sensing and feeding back what the active mem-
ber is commanding.1314 On the other hand, better closed-loop
performance of the active member with pure force feedback
is shown in Fig. lib. However, after the loop gain coefficient
passes certain critical value, some of the closed-loop perform-
ances such as the eigenvalues of first bending mode in hori-
zontal plane (i.e., 1Z?V) and second bending modes (i.e., 2#v
and 2BZ) start to deteriorate as indicated by the reversed loci.
With bridge feedback, Fig. lie, optimal closed-loop perform-
ance is achieved as the root-loci proceed leftward without
reversal in the complex plane as the loop gain coefficient
increases.

Test Procedure
All of the test data were taken in the form of transfer

functions generated by a step sine-sweep test procedure (i.e.,
a series of sine dwell tests with automated response calcula-
tions and frequency increment). To begin with, respective
load impedances (i.e., ZL) facing each active member were
measured. For this purpose, active members were actuated
one at a time. When an active member was actuated to excite
the test structure, transfer functions of its collocated axial
force and relative displacement responses were calculated with
respect to its driving voltage. Transfer function of the rela-
tive velocity response was then obtained by performing dif-
ferentiation in the frequency domain (i.e., multiplying the
displacement response by yo> where y = V - 1). Following
the convention defined in this paper, the load impedance
facing the actuating active member was then estimated by
dividing the relative velocity response with the axial force
response. The above procedure was then repeated for the
other active members.

To characterize the impedance of the active member itself,
a similar step sine-sweep test was performed except that the
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Table 3 Comparison of open-loop and

Mode
no.
1
2
3
4
5
6

Open loop
<o, Hz & %
17.74 0.38
29.58 0.20
33.96 0.38
45.10 0.30
65.95 0.17
68.43 0.13

Closed

<u, Hz
17.55
29.50
33.84
44.70

d

68.05

loopa

£ , %
2.22
3.92
0.70
2.00

(high)
0.31

Closed

co, Hz

17.25
28.12
33.72
44.38
64.50
68.43

closed-loop characteristics

looph

£ ,%
4.48
8.00
0.55
2.48
3.00
0.14

Closed

cu, Hz
16.69
27.90
33.67
43.40
_____ d

68.05

loop0

£, %
6.00

10.00
0.71
4.00

(high)
0.46

Mode
description

1st z bending
1st y bending
1st torsion
2nd z bending
2nd y bending
2nd torsion

aOnly active member no. 30 was activated for feedback control.
hOnly active member no. 5 was activated for feedback control.
cBoth active members nos. 5 and 30 were activated for feedback control.
dModes are no longer present in transfer functions.
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(a) PURE VELOCITY FEEDBACK

INCREASING GAIN
INDICATED BY ARROWS

1BZ: 1st BENDING IN Z-DIRECTION
1BY: 1st BENDING IN Y-DIRECTION
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2BZ: 2nd BENDING IN Z-DIRECTION
2BY: 2nd BENDING IN Y-DIRECTION *«-
2T : 2nd TORSIONAL MODE OBDDOO-O-O—-o

1BY

(HBBQQ

1BZ

26-7

2T o
(b) PURE FORCE FEEDBACK

(c) BRIDGE FEEDBACK
2T<

-50 -40 -30 -20
REAL

-10

Fig. 11 Comparison of pure velocity, pure force, and bridge feedback
control.

test structure was now excited by the mini-shaker attached at
joint 23. In this case, all of the transfer functions were cal-
culated with respect to the driving force exerted by the mini-
shaker. Each active member's impedance was then found as
the ratio of its collocated relative velocity to axial force re-
sponses resulting from the mini-shaker excitation. Meanwhile,
transfer functions of six accelerometer responses representing
the test structure's dynamic behavior were also acquired from
the same test. This test was first performed when all of the
active members were in open loop. It was then repeated for
the three closed-loop cases, i.e., active member no. 5 in closed

Fig. 12
at 34y.

10 20 30 40 50 60 70
FREQUENCY (Hz)

Comparison of open-loop and closed-loop transfer functions

100

10m

< 1m

10 20 30 40 50 60 70
FREQUENCY (Hz)

90 100

Fig. 13
at53z

Comparison of open-loop and closed-loop transfer functions

loop, active member no. 30 in closed loop, and both active
members in closed loop.

Results and Discussions
The measured load impedance ZL5 facing the active mem-

ber no. 5 is shown in Fig. 8. As expected, the load impedance
is highly frequency dependent due to the dynamics of the test
structure. Superimposed in Fig. 8 is the measured impedance of
active member no. 5 in open-loop condition, i.e., Z5open ,oop.
It is shown that Zs open loop varies by an approximate factor
of 10 over the frequency range from 10 to 100 Hz, (i.e., 20
dB/decade). This result agrees with the fact that the imped-
ance of an active member in open-loop condition is dominated
by its inherent mechanical stiffness, i.e., s/K.

In Fig. 8, it is also shown that the open-loop active member
impedance is orders of magnitude smaller than the load im-
pedance, •pen loop I « |Z / S . This is consistent with
the truss structure's design requirement in which the active
member's structural stiffness (represented by its axial reso-
nant frequency) is always orders of magnitude higher than
the truss structure's system stiffness (represented by the fun-
damental frequency of the truss structure).

Also included in Fig. 8 is the measured impedance of active
member no. 5 in closed-loop condition, i.e., Z5 closcd loop. In-
stead of rendering a constant impedance as designed in the
previous section, Z5 closcd ,oop is shown to vary by an approx-
imate factor of 2.5 over the frequency range from 10 to 100
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Hz. Such discrepancy is believed to be caused by not having
the sufficiently large feedback as assumed in Eqs. (7) and (8).
In Fig. 8, the magnitude of Z5 closed loop is now increased by an
order of magnitude approaching the load impedance. Using the
analogy defined in Table 1, the increased Z5closedloop implies
that the active member has been dynamically "softened" to
"match" its load impedance for better damping augmentation.

Comparison of the measured open-loop and closed-loop
transfer functions are shown in Figs. 12 and 13 for acceler-
ometer locations 34y (joint no. 34 in y direction) and 53z,
respectively. Modal frequencies and damping values extracted
from these transfer functions using a global curve-fitting al-
gorithm are listed in Table 3. For the test configuration in-
vestigated in this paper, a 10% modal damping was achieved
for the first bending mode in the y direction, while the second
bending mode near 66 Hz was completely suppressed as shown
in Figs. 12 and 13. Meanwhile, moderate damping perform-
ance, i.e., 4-6% modal damping, was achieved for the bend-
ing modes in the z direction. Because of the locations of the
active members, as expected, no noticeable effect is observed
on the damping performance of the first and second torsional
modes. In the 34y response, Fig. 12, the closed-loop test result
(solid line) shows an additional peak near 33 Hz that does
not exist in the open-loop test result (dash line). This peak is
identified to be associated with the first torsional mode which
is not targeted for control by active member at longeron lo-
cations. It is believed that the mode shape of this torsional
mode is somewhat modified and shows up in the 34y accel-
erometer measurement direction as a result of closed-loop
control.

Conclusions
Adjusting active member impedance with respect to the

load impedance facing the active member provides a powerful
way of augmenting vibration damping in a truss-type struc-
ture. For a lightly damped structure, the optimal active mem-
ber impedance should be real and equal to the magnitude of
load impedance. Since the load impedance is typically fre-
quency-dependent and sensitive to the structure's parameter
variations, an approach to implementing a constant active
member impedance over the frequency range of interest was
proposed and demonstrated. From an implementation point
of view, although not optimal, the constant active member
impedance is a desirable feature, for it does not require pre-
cise knowledge of the structure's dynamic characteristics that
is usually an indispensable requirement for most of the struc-
tural vibration control approaches. The use of the bridge feed-
back concept makes it possible to implement the desired active
member impedance without interfering with the compensator
design and subsequently the desired loop transfer function.

Appendix: Effect of Feedback on Impedance
The effect of feedback on impedance in an electrical circuit

was described by Blackman15 in 1943. The alternative proofs
of the Blackmail's result have been published in Refs. 7 and
8. In the following, the effect of feedback on the active mem-
ber impedance is derived following the logic of Blackman's
proof. Considering an active member with feedback as shown
in Fig. 3, the relative velocity across the active member x and
the feedback return signal v can be each expressed as a linear
function of the applied force / to the active member and the
input signal E to the active member actuator:

x = a • E + b • f, E + d • f (Al)

where a, b, c, and d are the constants to be determined from
boundary conditions. First, considering the case without feed-
back', i.e. E = 0, gives x= b •/. Thus, the active member
impedance without feedback, Z0, becomes

When the loop is closed around the active member, i.e., E =
v, Eq. (Al) gives x = [b + a • dl(l - c)] - /such that the
active member impedance after feedback, Z, becomes

Z = b + a • dl(l - c} (A3)

The return ratio T of the active member feedback loop is
defined as the ratio of return signal to input signal taken with
the opposite sign, i.e., T = -vIE. When the active member
is rigidly constrained, there is no resulting motion, i.e., x =
0. In this case, Eq. (Al) gives/ = -alb-E and v = (c - a
- d/b) - E. Hence, the return ratio T0 becomes

T0= -c +a -d/b (A4)
On the other hand, when the active member is free to expand,
no force is induced in the active member, / = 0, so that v =
c • E and the return ratio 7°° is

(A5)

Comparing Eqs. (A2-A5) results in the formula of Blackman
as

z = z()[(i + TQ)/(I + (A6)

Z() = x/f = (A2)

This formula expresses active member impedance after feed-
back, Z, in terms of three functions, Z(), 7(), and Tx, that do
not depend on the structural system to which the active mem-
ber is connected.
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